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The incidence of a plane wave on a cylindrical inclusion located in a semi-infinite solid space with an 
inhomogeneous distribution of the rigidity at the boundary between inclusion-enclosing medium is 
considered. The cylindrical inclusion model is given. The solution is solved by the finite element 
method. Scattering indicatrices are given for different angles of incidence of a plane longitudinal 
wave. A significant effect of the coupling stiffness on the amplitude of the scattered field is shown. 
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INTRODUCTION 

Nondestructive ultrasonic methods take one of the leading positions among other meth-
ods of nondestructive testing. Ultrasonic methods allow solving a wide range of problems and 
identification of defects in various, mainly solid objects, arising during operation or during 
production. Wide use of ultrasonic methods is also related with the fact that the fatigue and 
strength properties of the monitoring object itself influence the propagation of the ultrasonic 
wave. 

It can be noted, that the most common types of defects are nonmetallic inclusions, which 
are formed due to the inevitable ingress of particles of decomposing refractories into the melt. 

Because of the random nature of the process of generation and growth inhomogeneities in 
the metal and passing through several different process steps non-metallic inclusions can re-
late to the main metal scrap by means of different connection types [1, 2]. It is noted [3] that 
the processes of interaction of elastic waves with such a structurally complex interface be-
tween the nonmetallic inclusion and the metal can’t be described using conventional boundary 
conditions that establish continuity of the stress tensor components and the displacement vec-
tor at the boundary. In [4–7] it was proposed to consider the usual boundary, when the elastic 
wave interacts with boundary, the components of the stress tensor remain continuous, and the 
components of the displacement vector can undergo a “discontinuity”. The validity of this 
proposal based on the analytical relations. In [1], the existence of such boundary conditions 
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is proved, and it is also shown that the stress at the interface generally determined by the 
expression: 

 ,Ks = Du   

where s – stress tensor, Du – vector of discontinuities in displacements, K – a positive defi-
nite symmetric matrix of dimension 3×3, known as the “boundary stiffness matrix”, the ele-

ments which have the dimension 3 .N m  Generally, these coefficients can be in complex 

form, which makes it possible to model new processes in the contact zone. 
Such a representation allows to consider a special phenomena in the contact zone using 

various combinations of dynamic flexibility elements and / or damping elements, which is 
ensured by the corresponding values of the imaginary and real parts. So, in this case of dry 
mechanical contact of rough surfaces, the values of KN (normal component of contact stiff-
ness) and KT (tangential component of contact stiffness) are assumed to be purely real. In 
case when these surfaces are separated by a layer of a viscous liquid, KN is taken to be com-
plex, and KT is purely imaginary. It follows from boundary conditions in the linear “slip” ap-
proximation that the range of values of KN and KT in the general case from 0 (there is no 
transfer of the corresponding component of the displacement vector through the interface) to 
Ґ (the total transmission of the corresponding displacement vector component across the 
boundary section). The correspondence between the specific values of KN and KT and the 
structure of boundary can be established by the most suitable model [3]. 

FORMULATION OF THE PROBLEM 

We consider the problem of normally incident plane waves diffraction on an infinite cyl-
inder. We will consider a model of compact cylindrical inclusion of radius a, located in a ring 
layer of infinite small thickness (Figure 1). 

 

 
Figure 1. Formulation of problem 
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Let a plane wave incident on the cylinder (Figure 1) from the solid semi-infinite space I 
with physical parameters  r1, cl1, ct1. A rectangular coordinate system XYZ arranged so that 
the Z axis coincides with the longitudinal axis of the cylinder and the Y axis is directed along 
the bisector of the opening angle of the annular layer and the circular cylindrical coordinate 
system r, j, z associated with the rectangular of known transformation formulas. The angle 
between wave vector and positive direction of the Y axis will be denoted by j. 

Solving the problem by the finite element method, a finite region was constructed (Fig-
ure 2), in which the cylindrical defect I, which is in the isotropic elastic space II. On the 
boundary between the defect and the elastic space in the sector of finite dimensions IV there 

is a nonrigid connection. The size of the sector was set as 0 ,okrL dlj =  where okrL  is the 

circumference in degrees, dl is a coefficient ranging from 0 to 1. It is of interest to analyze 
in infinite space a perfectly matched layer III is used, which absorbs all the waves entering 
into it. 

 

 
Figure 2. Investigated area 

In entire investigated region, differential equation (1) is solving: 
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In the stationary mode with harmonic perturbation, equation (1) can be rewritten in the 
following form: 

 2 ,-rw = Сsu   

where w – angular frequency, С  – Hamiltonian. 
Setting the incident wave as an additional mechanical strength of the unit amplitude, 

equation (1) can be rewritten as 

 ( )2 ,ext-rw = С s + su   

where exts  – stress in incident plane wave. 

Boundary conditions for non-rigid sector are 
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RESULTS 

Figures 3–4 show the results of the calculation of a dimensionless displacement in polar 
coordinates, given as the ratio of the incident wave to the scattered one depending on the 

wavelength ,a lk c= w  coefficient dl and angle of incidence j. Figures 3a and 3b show that 

increase sector dimension with a non-rigid coupling, when the wave falls directly on the sec-
tor, the reflection in the opposite direction increases. Figures 4a–4c show the angular distribu-
tion of the dimensionless displacement, depending on the size of the sector. It is seen that for 
various angles of incidence, the scattering indicatrix is localized near the angle of incidence. It 
can also been seen that an increase sector dimension can lead both to an increase in the ampli-
tude in the opposite direction (Figures 4a, 4c) and to a decrease in the amplitude (Figure 4b). 

 

 
a 

 
b 

Figure 3. Dependence of the normalized amplitude of the scattered wave in polar coordinates  
at ka = 1.074: dl = 0 (a); dl0 = 0.04 (b) 

 

Figure 4. Dependence of the normalized amplitude of the scattered wave in polar coordinates  
at ka = 1.074: j = 24° (a); j = 122° (b); j = 196° (c) 
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CONCLUSION 

The obtained results show a significant influence of non-rigid connection on scattering 
properties of a cylindrical inclusion. The size of the sector leads to increase the amplitude of 
the scattered wave in the opposite direction, if incident plane wave falls directly on sector 
with non-rigid connection. When incident plane wave falls to sector with rigid connection, the 
increasing in size of a sector with non-rigid connection leads to localizing scattered indicatrix 
near the falling angle. In practice, such influence can strongly affect the results of ultrasonic 
control. To obtain more accurate data about the internal structure, it’s necessary to scan at dif-
ferent angles. 

The results can be used to develop or modify methods for ultrasonic nondestructive con-
trol different objects with defects that can be approximate by cylinder. 
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